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Supplementary Material

A Optima algorithms (additional)

This is an addendum to Section 4 on optimal algorithms. Here we consider:

• Sliding in case with ��max(W )  L
p

�(W ) but with summand gradient oracle – Appendix A.1.1;

• Sliding in case with ��max(W ) � L
p
�(W ) – Algorithm 2 in Appendix A.1.2;

• other approach based not on Sliding but on Randomized Local method – Algorithm 3 in Appendix
A.2.

A.1 PF Min-Max via Sliding

A.1.1 Case ��max(W )  L
p
�(W )

• S1DMM + Rand. Extra Step Method. We apply this algorithm when fm(xm, ym) =
1
r

Pr
j=1 fm,r(xm, ym), where each fm,r is convex-concave and each fi is L-average smooth. The

following theorem states the convergence rate of S1DMM with Extragradient with Variance Reduction
[1] as a local algorithm.
Theorem 3 Let Algorithm 1 be applied for solving (2) with convex-concave and L-average smooth
local functions fm. Then one can choose a constant step �, a precision �, so that we need
O(��max(W )⌦2

" ) communication rounds and Õ( (r��max(W )+
p
rL)⌦2

" ) local computation on each
node, to obtain ẑ = (x̂, ŷ) such that [maxy2Y f(x̂, y)�minx2X f(x, ŷ)]  ".
If we additionally assume that global objective function f is µ-strongly-convex-strongly-concave,
then after O(��max(W )

µ log 1
" ) communication rounds and Õ((r ��max(W )

µ +
p
rL
µ ) log 1

" ) local com-
putations on each node we will obtain ẑ, such that kẑ � z

⇤
k
2
 ".

One can find the � and � settings for Algorithm 1 in Appendix C.

A.1.2 Case ��max(W ) � L
p
�(W )

Algorithm 2 Sliding 2 for Decentralized Min-Max(S2DMM)
Parameters: stepsize �

Initialization: choose x
0
, y

0
2 X ⇥ Y , x0

m = x
0, y0m = y

0 for all m
1: for k = 0, 1, 2, . . . do

2: V
k
x = X

k
� � ·rXf(Xk

, Y
k)

V
k
y = Y

k + � ·rY f(Xk
, Y

k)

3: Find U
k, such that kUk

� Û
k
k
2
F  �, where Û

k is a solution of:

min
Ux

�k
p
WUxk2

F
2 + kUx�V k

x k2
F

2�

max
Uy

�
�k

p
WUyk2

F
2 �

kUy�V k
y k2

F

2�

(4)

4: X
k+1 = projX

�
U

k
x + � ·

�
rXf(Xk

, Y
k)

�rXf(Uk
x , U

k
y )
��

5: Y
k+1 = projY

�
U

k
y � � ·

�
rY f(Xk

, Y
k)

�rY f(Uk
x , U

k
y )
��

6: end for

Note that we only need to communicate with other devices on lines 3 when computing the prox

operator for ��
2

���
p
WX

���
2

F
. This problem is divided into two minimization sub-problems, by X ,

and by Y . Hence, the problem (4) is solved by Fast Gradient Descent. Further, we note that the
algorithm’s steps in lines 2, 4, and 5 are local and separable on each machine. The following theorem
states the convergence rate of S2DMM with FGD.
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Theorem 4 Let Algorithm 2 be applied for solving (2) with convex-concave and L -
smooth local functions fm. Then one can choose a constant step �, so that we need

Õ

✓
min

⇢
L⌦2

"

p
�(W ),

p
��max(W )L⌦2

"

�◆
comm. rounds and O

⇣
L⌦2

"

⌘
local comp. on each

node to obtain ẑ = (x̂, ŷ) s.t. [maxy2Y f(x̂, y)�minx2X f(x, ŷ)]  ".
If we additionally assume that global objective function f is µf -strongly-convex-strongly-concave,

then it holds that we have kẑ � z
⇤
k
2
 " after Õ(min{L

µ

p
�(W ),

p
��max(W )L

µ } log 1
" ) comm.

rounds and O(Lµ log 1
" ) local comp. on each node.

As expected, the communication complexity of S2DMM + FGD is O

⇣
L
µ

p
�(W ) log 1

"

⌘
in the

strongly-convex-strongly-concave case. It is optimal when ��max(W ) = O(L
p
�(W )). The local

gradient complexity is Õ(Lµ ), which is, up to log and constant factors identical to the lower bound on
the local gradient calls.
One can find the � and � settings for Algorithm 2 in Appendix C. Below we will discuss and compare
both methods. Next, we move on to the second method.

A.2 PF Min-Max via Randomized Local Extra Step Method

Our first two methods (Algorithms 1 and 2) make several iterations between communications
when � is small (or vice versa, for big � make some communications between one local iteration).
The following method (Algorithm 3) is also sharpened on the alternation of local iterations and
communications, but it makes them more evenly. Our method is similar to the randomized local
methods (for example, as the method from [10]), but it uses not only importance sampling, but also
implicit variance reduction technique [1].

Algorithm 3 Randomized for Decentralized Min-Max (RDMM)
parameters: stepsize �, probability p, probability ⇢, probability distribution Q

initialization: choose x
0
, y

0
2 X ⇥ Y , x0

m = x
0, y0m = y

0 for all m
1: for k = 0, 1, 2, . . . do

2: X̄
k = (1� ⇢)Xk + ⇢U

k
x , Ȳ

k = (1� ⇢)Y k + ⇢U
k
y

3: X
k+1/2 = projX

�
X̄

k
� � · (rXf(Uk

x , U
k
y ) + �WU

k
x )
�
,

4: Y
k+1/2 = projY

�
Ȳ

k + � · (rY f(Uk
x , U

k
y )� �WU

k
y )
�

5: Generate ⇠
k =

⇢
1, with probability 1� p

0, with probability p
,

6: If ⇠k = 0:
7: X

k+1 = projX
⇣
X̄

k
� � ·

⇣
�
pWX

k+1/2
�

�(1�p)
p WU

k
x +rXf(Uk

x , U
k
y )
⌘⌘

,

8: Y
k+1 = projY

⇣
Ȳ

k + � ·

⇣
�

�
pWY

k+1/2 + �(1�p)
p WU

k
y +rY f(Uk

x , U
k
y )
⌘⌘

9: If ⇠k = 1:
10: Generate an vector of indexes ⇠̂k according to Q

11: X
k+1 = projX

✓
X̄

k
� � ·

⇣
1

(1�p)N

⇣
rXf⇠̂k

(Xk+1/2
, Y

k+ 1
2 )�rXf⇠̂k

(Uk
x , U

k
y )
⌘

12: +rXf(Uk
x , U

k
y ) + �WU

k
x

⌘◆
,

13: Y
k+1 = projY

✓
Ȳ

k + � ·

⇣
1

(1�p)N

⇣
rY f⇠̂k

(Xk+1/2
, Y

k+ 1
2 )�rY f⇠̂k

(Uk
x , U

k
y )
⌘

14: +rY f(Uk
x , U

k
y )� �WU

k
y

⌘◆

15: Generate ⇠
k+1/2 =

⇢
1, with prob. 1� ⇢

0, with prob. ⇢
,

16: U
k+1
x = ⇠

k+1/2
· U

k
x + (1� ⇠

k+1/2) ·Xk+1

17: U
k+1
y = ⇠

k+1/2
· U

k
y + (1� ⇠

k+1/2) · Y k+1

18: end for
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The following theorem states the convergence rate of RDMM.
Theorem 5 Let Algorithm 3 be applied for solving (2) with convex-concave and L -smooth local
functions fmj with sum structure. Then one can choose a constant step �, probabilities ⇢ and p

so that we need (in average) O
⇣

��max(W )⌦2

"

⌘
comm. rounds while the local average complexity

for some ⇢ and p is O
⇣p

rL̄⌦2

"

⌘
to obtain ẑ = (x̂, ŷ) s.t. [maxy2Y f(x̂, y)�minx2X f(x, ŷ)]  ".

Here L̄ =
p
L2 + �2�2

max(W ).
If we additionally assume that global objective function f is µ-strongly-convex-strongly-concave, then
for ⇢ and p it holds that we have kẑ�z

⇤
k
2
 " after (in average) O

⇣
��max(W )

µ log 1
"

⌘
comm. rounds

while the local average complexity for some ⇢ and p is O
⇣⇣

r +
p
rL̄
µ

⌘
log 1

"

⌘
.

One can find the ⇢ and p settings for Algorithm 3 in Appendix C.

A.3 Discussions of the methods

Let us note some remarks about the obtained methods. Here we compare two different approaches:
deterministic – Algorithm 1 and 2, and stochastic – Algorithm 3.
• Both approaches allow combining and interleaving local iterations and decentralized gossip commu-
nications. As far as we know, there are no such algorithms in the literature for saddle point problems.
• Algorithm 1 and 2 have better convergence estimates than Algorithm 3. Moreover, we assume that
Algorithm 1 is optimal for (1) in case, when � is small, and Algorithm 2 – when � is big.
• It seems that Algorithm 3 is more robust than Algorithms 2 and 2. This is primarily due to the fact
that Algorithm 1 solves an auxiliary problem with a given precision. In the case of convex-concave
functions, there are no problems here. The stopping criterion is clear. But if we try to extend Algo-
rithm 1 to more complex problems, for example, to a non-convex one, the question of the precision
and stopping criteria becomes open. Algorithm 2 do not face such problems.
• On the other hand, in Algorithm 1 it is straightforward to change the method for the auxiliary
problem, taking into account the peculiarities of fm. For example, stochastic methods [13], or
variance reduction technique [1] can be easily used.
• In Algorithm 3 on lines 5, 6 and 9, the choice is made synchronously on all nodes, i.e., we need to
transfer information to all nodes somehow, that is, at the current step you need to choose the 1st or
2nd option. There are no problems in a centralized case. Still, this slightly slows down the algorithm
for a decentralized architecture until the package reaches all addressees, although we only need to
send 1 bit. In practice, this problem can be solved using a schedule, making communication or a local
step not random, but according to some predefined schedule that all nodes know. For example, once
in 1/p iterations, make a communication.

B Additional experiments

We implement all methods in Python 3.8 using PyTorch 1.4 [26] and run on a machine with 56 Intel(R)
Xeon(R) CPU E5-2680 v4 @ 2.40GHz cores, and on NVIDIA TITAN X GPU with 11,264MBs
RAM memory (Cuda 11.1).

B.1 Toy experiments

We start from toy experiments, the purpose of this experiment is to verify the theoretical results. We
conduct our toy experiments on bilinear problem:

fm(x, y) = x
>
Amy + a

>
mx+ b

>
my +

�

2
kxk

2
�

�

2
kyk

2
, (5)

where Am 2 Rn⇥n, am, bm 2 Rd. We take n = 100 and generate positive definite matrices Am and
vectors am, bm randomly, such that L = 5. We take M = 16 and � = 0, 1. We use three topologies
of network: complete graph, star and ring. In all experiments, we compare the Algorithms in the
rate of convergence the solution in terms of the number of communications (for Algorithm 1 – outer
iterations, for Algorithm 2 – inner iterations).

• In the first experiment we compare Algorithm 1 with � = 1
2��max(W ) (as in theory) and the different

numbers of inner iterations T (for subproblem (3)). See results on Figure 3. We see that from the
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(a) complete (b) star (c) ring
Figure 2: Comparison of Algorithm 1 with different T on different networks for (2)+(5) with
� = 0, 001.

(a) complete (b) star (c) ring
Figure 3: Comparison of Algorithm 1 with different T on different networks for (2)+(5) with � = 0, 1.

point of view of the number of communications, the theoretically optimal number of innner steps Topt
is almost optimal in practice. It is also seen that there is a certain limiting T after which an increase
in the number of inner iterations does not give a particular acceleration of convergence in terms of
communications (outer iterations).

• In the second experiment we compare Algorithm 2 with � = 1
2L (as in theory) and the different

numbers of inner iterations T (for subproblem (4)). See results on Figure 4.

(a) complete (b) star (c) ring
Figure 4: Comparison of Algorithm 2 with different T on different networks for (2)+(5) with � = 20.

We see that from the point of view of the number of communications, the large number innner steps
T > Topt only slows down the convergence. On the contrary, a small number of inner iterations
T < Topt accelerates, but degrades the accuracy of the solution. The optimal Topt gives a good balance
of accuracy and rate.

• In the third experiment we compare Algorithm 3 for problem with r = 1 with � =
p
p

2(L+��max(W ))

(as in theory) and the different probabilities p = ⇢. See results on Figures 6 and 7.

In terms of the number of communications, the optimal value is ⇢ = p = �2�2
max(W )

�2�2
max(W )+L2 (see

Section C.2.4). But it can be seen on Figures 6 (bottom) and 7(bottom), the probability (frequency of
communications) can be reduced. But the optimal ⇢ = p = �2�2

max(W )
�2�2

max(W )+L2 outperforms the smaller
probabilities in terms of the total number of iterations.

B.2 Neural networks

Our additional experiments are aimed at comparing the operation of Algorithms 1 and 3 with other
parameters r and q (see Table 3).

On all plots, then vertical axis – accuracy, the horizontal axis – the number of epochs. 1 epoch =
calculation of the gradient for all batches on the local dataset.

The results show that for other r and ✓ Algorithm 1 is superior to Algorithm 3 in training the global
model. Only in the case of frequent communications with the server Algorithm 3 shows better results.
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(a) complete (b) star (c) ring
Figure 5: Comparison of Algorithm 2 with different T on different networks for (2)+(5) with � = 100.

(a) complete (b) star (c) ring
Figure 6: Comparison of Algorithm 3 with different p = ⇢ on different networks for (2)+(5) with
� = 0, 01.
Top: in terms of all iterations, bottom: in terms of communications.

� T ✓ q Results
1/4 40 (1 epoch) 1 1 Figure 8 (a)
1/40 400 (10 epochs) 1 1 Figure 8 (b)
1/80 800 (20 epochs) 1 1 Figure 8 (c)
1/4 40 (1 epoch) 4 4 Figure 9 (a)
1/40 400 (10 epochs) 4 4 Figure 9 (b)
1/80 800 (20 epochs) 4 4 Figure 9 (c)

Table 3: Additional parameters for comparison of Algorithm 1 and Algorithm 3.

But in the case of Federated Learning, communications are a bottleneck and we want to reduce their
number. Algorithm 1 copes with this problem without losing quality.

B.3 Intuition for Neural Networks

Despite the fact that our theoretical analysis captures only convex-concave case, we would like to adapt
the proposed Algorithms for federated training for training neural networks. For simplicity, we will
consider only the centralized case. In this situations, the regularizer �

2 k
p
WXk

2 = �
2

PM
m=1 kxm �

x̄k
2 and �max(W ) = 1. Additionally, let us define the smoothness constant of the neural network

for particular dataset as follows: L = 1
�opt

, where �opt is the learning rate that is recommended to be
used by concrete algorithm for given dataset and neural network architecture. (for example, such
information can be found in tutorials or open-source codes). This definition comes from the standard
results, that for smooth functions the step-size ⇠

1
L . We do not say that this is a good definition of L,

but we only need it for the intuition. We also mention that we are interested in the case when � ⌧ L.

Now, let us start parsing and adapting the Algorithms 1 and 3.

Algorithm 1. Let us take � = 1
✓� in Algorithm 1, with constant ✓ � 1. Then line 2 can be rewritten

as follows:

v
k
x,m = x

k
m �

1
✓ (x

k
m � x̄

k) =
�
1� 1

✓

�
x
k
m + 1

✓ x̄
k
. (6)
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(a) complete (b) star (c) ring
Figure 7: Comparison of Algorithm 3 with different p = ⇢ on different networks for (2)+(5) with
� = 1.
Top: in terms of all iterations, bottom: in terms of communications.

(a) (b) (c)

Figure 8: Evolution of average accuracy during training process for different parameters of � and T .
We run this experiment with q = ✓ = 1.
Top: presents the results of Algorithm 1, bottom: presents the results obtained by Algorithm 3.
Red line – accuracy of the local model on local train data, blue line - accuracy of the local model on
local test data, black line – accuracy of the global model on global test data. The experiment was
repeated 5 times, the confidence intervals are shown in lighter color.

It is easy to see that the degree of how much we trust the average model depends on ✓. Next, on line
3, local models are trained taking into account the regularizer:

min
ux,m

max
uy,m

⇥
fm(ux,m, uy,m) + ✓�

2 kux,m � v
k
x,mk

2
�

✓�
2 kuy,m � v

k
y,mk

2
⇤
.

In this case, we do not know how long (number of iterations T ) it takes to train the model, but one
can adapt various empirical stopping criteria. The only thing that we note is that we need to solve this
problem with the learning rate �opt. This is due to the fact that L � �; therefore, we can assume that
the "smoothness" constant of problem (3) is equal to L and we can take learning rate ⇠

1
L = �opt.

On lines 4 and 5 we again make averaging:

x
k+1
m = u

k
x,m + 1

✓

�
1
✓ (x

k
m � x̄

k)� 1
✓ (u

k
x,m � ū

k)
�

=
�
1� 1

✓2

�
u
k
x,m + 1

✓2x
k
m + 1

✓2 ū
k
�

1
✓2 x̄

k
.

This is the whole essence of Algorithm 1. The only hyper-parameters that we can tune are ✓ and the
number of iterations T .
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(a) (b) (c)

Figure 9: Average accuracy in during process of learning with different average parameters �, T and
r = ✓ = 4.
Top: presents the results of Algorithm 1, bottom: presents the results obtained by Algorithm 3.
Red line – accuracy of the local model on local train data, blue line - accuracy of the local model on
local test data, black line – accuracy of the global model on global test data. The experiment was
repeated 5 times, the deviations are reflected.

Algorithm 3. The Algorithm 3 with r = 1 looks rather long, let us for simplicity discuss the main
idea in a centralized setting. We have

x
k+1
m =

(
x
k
m �

�
1�p ·rxf(xk

m, y
k
m), with prob. 1� p

x
k
m �

��
p · (xk

m � x̄
k), with prob. p,

where p can be chosen according to importance sampling, in which case we have p = �
�+L ⇡

�
L (see

Section C.2.4). Further, let � = �opt
q with q � 1. Then we get an update:

x
k+1
m =

(
x
k
m �

�opt
q ·rxf(xk

m, y
k
m), with prob. 1� p

x
k
m �

1
q · (xk

m � x̄
k), with prob. p

Afterward, the algorithm makes a communication: xk+1
m = x

k
m �

1
q · (xk

m � x̄
k), once in 1

p = 1
��opt

iterations, otherwise make a local step: xk+1
m = x

k
m �

�opt
q ·rxf(xk

m, y
k
m).

Remark. We wrote only about update of xk
m, the update for y is easy to get in a similar way.

Remark. In order for the comparison of Algorithm 1 and Algorithm 3 to be fair, it is nessessary to
balance the number of communications and local iterations for both algorithms, that is why we take
T = 1

p = 1
�opt�

= 10
� , where T – parameter of Algorithm 1 and p – of Algorithm 3. Next, we want to

take ✓ = r = 2. This is due to the fact that we want to level how much each of the local models trusts
the average model and relies on it (see (6)).

C Missing proofs

C.1 Lower bounds

C.1.1 Notation

In this section we present a proof of lower bounds for a class of algorithms satisfying Assumption 3.
However, the problem solved by the algorithm A has a decentralized structure for only one group of
variables, without limiting generality, let these be variables y:

min
x2RMnx

max
y2RMny

(
F (x,y) =

1

M

MX

m=1

fm(xm, ym)�
�

2
y>Wy

)
, (7)
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where x> = (x>
1 , . . . , x

>
M ) and y> = (y>1 , . . . , y

>
M ), xm 2 Rnx and ym 2 Rny for any m 2

{1, . . . ,M}, matrix W = W ⌦ IM , where W is the gossip matrix (see Assumption 2). Moreover,
W satisfies the same properties of gossip matrix:

1. W is symmetric and positive semi-defined matrix;

2. Wi,j 6= 0 if and only if i = j or (i, j) 2 E ;

3. kerW is consensus space;

4. �max(W) = �max(W ) and �
+
min(W) = �

+
min(W ), where �

+
min is the smallest positive

eigenvalue and �max is the largest eigenvalue;

It is worth noting that for the simplicity of the proof, we work in vector space, unlike other sections
where the proofs are carried out in matrix notation. But we would like to assure the reader that the
structure of variables does not affect the results in any way. We would also like to draw the attention to
the structure of the problem (7). We consider a simplified formulation of the problem when compared
to the original one (2), but this only means that the lower bounds for the original problem (2) will
look either similar or more complicated than for a simple formulation (7). Fortunately, the upper
bounds for the problem (2) coincide with the lower bounds for the problem (7), which leads us to the
following conclusion: the lower bounds are the same as for the problem (2).

C.1.2 Proof of Theorem 1

As in many papers we give an example of a "bad" function on which algorithms satisfying Assumption
3 converge at least at a rate that coincides with the lower bounds. We consider a linear graph with
the number of nodes equal to M = 3

⌅�
3

⇧
, where � = �max(W)/�min(W) is condition number

of communication network G. Let us divide the nodes into three types: the first type includes
V1 =

�
1, 2, . . . , M

3

 
, the second type includes V2 =

�
M
3 + 1, M

3 + 2, . . . , 2M
3

 
, the third type

includes V3 =
�

2M
3 + 1, 2M

3 + 2, . . . ,M
 

. Let nx = ny = n = 2T dimension and T more than
M . Next, we define

fm(x, y) =

8
><

>:

µ
2 kxk

2
�

µ
2 kyk

2
� ay(1) +

p
�
2 x

>
A1y, if m 2 V1

µ
2 kxk

2
�

µ
2 kyk

2
, if m 2 V2

µ
2 kxk

2
�

µ
2 kyk

2 +
p
�
2 x

>
A2y, if m 2 V3,

(8)

where matrices A1, A2 are defined as follows

A1 =

0

BBBBBBBBB@

0 0 0 . . . 0

0

✓
c �c

�c c

◆
0

. . .
...

0 0

✓
c �c

�c c

◆
. . .

...

...
. . . . . . . . .

...
0 . . . . . . . . .

p
2b

1

CCCCCCCCCA

and

A2 =

0

BBBBB@

✓
c �c

�c c

◆
0 . . .

0

✓
c �c

�c c

◆
. . .

...
...

. . .

1

CCCCCA
.

For the gossip matrix, we take the Laplacian of a linear graph. Then, for our problem, we get that the
matrix W will have the following form:

W = Ŵ ⌦ IM ,
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where matrix Ŵ 2 Rn⇥n has following form

Ŵ =
1

2M
·

0

BBBBBBBB@

1 �1
�1 2 �1

�1 2 �1
�1 2 �1

�1 2 �1
. . .

�1 2 �1
�1 1

1

CCCCCCCCA

.

It is easy to make sure that this matrix W satisfies the assumption of the gossip matrix. According to
the definition of functions, now we can write the form of the objective function of problem:

F (x,y) =
1

M

 
µ

2
kxk2 �

µ

2
kyk2 +

p
�

2
x>My � a

X

m2V1

ym(1)

!
�

�

2
y>Wy, (9)

where M looks like

M =

 
I ⌦A1 0 0

0 0n|V2| 0
0 0 I ⌦A2

!
.

To obtain lower bounds, we will find the dual function of our objective functionF (x,y). But before
that, using properties of Kronecker product, we note that

M>M =

0

@
I ⌦A

>
1 A1 0 0

0 0n|V2| 0
0 0 I ⌦A

>
2 A2

1

A =

0

@
I ⌦A

2
1 0 0

0 0n|V2| 0
0 0 I ⌦A

2
2

1

A

= 2

 
I ⌦B1 0 0

0 0n|V2| 0
0 0 I ⌦B2

!
,

where matrices B1, B2 are defined in such way

B1 =

0

BBBBBBBBB@

0 0 0 . . . 0

0

✓
c
2

�c
2

�c
2

c
2

◆
0

. . .
...

0 0

✓
c
2

�c
2

�c
2

c
2

◆
. . .

...

...
. . . . . . . . .

...
0 . . . . . . . . . b

2

1

CCCCCCCCCA

and

B2 =

0

BBBBB@

✓
c
2

�c
2

�c
2

c
2

◆
0 . . .

0

✓
c
2

�c
2

�c
2

c
2

◆
. . .

...
...

. . .

1

CCCCCA
.

The dual function  (y) of our objective function F (x,y) is

 (y) = min
x

F (x,y) = �
1

M

 
�

8µ
y>

M
>
My � a

X

i2V1

yi(1)�
µ

2
y>y

!
�

�

2
y>Wy.

Therefore, we obtain
M

�
 (y) = �

1

2
y>Cy � a

X

i2V1

yi(1),

where C = MW + µ
�I+

1
2µB and

B =

 
I ⌦B1 0 0

0 0n|V2| 0
0 0 I ⌦B2

!
.
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Now, we are ready to present the problem

max
y

(
M

�
 (y) = �

1

2
y>Cy � a

X

i2V1

yi(1)

)
. (10)

Due to the fact that the functions of each type are similar, their maximums coincide. Therefore, we
denote them as follows

argmax
v

n
min
u

fm(u, v)
o
=

8
<

:

x
?
, if m 2 V1

y
?
, if m 2 V2

z
?
, if m 2 V3

. (11)

Now we give a proof of the lemma that indicates a recursive connection

Lemma 1 (see [9]) Let

wi =

8
>><

>>:

✓
z
?
i

x
?
i

◆
if i is even

✓
x
?
i

z
?
i

◆
if i is odd

. (12)

Then, we have
wi+1 = Qwi, (13)

where

Q =

0

BBB@

�
1

2
⇣

c2
2µ

⌘
(1+ 2µ

� )

⇣
c2

2µ

⌘
+µ

�+ 1
2⇣

c2
2µ

⌘

�

⇣
c2

2µ

⌘
+µ

�+ 1
2⇣

c2
2µ

⌘
�
1 + 2µ

�

�
 

2
⇣⇣

c2

2µ

⌘
+µ

�+ 1
2

⌘2

⇣
c2
2µ

⌘ � 2
⇣

c2

2µ

⌘!

1

CCCA
. (14)

Proof Let’s write down the first-order optimality conditions for the problem (10)
✓
c
2

2µ
+

µ

�
+

1

2

◆
x
⇤
2i+1 �

c
2

2µ
x
⇤
2i �

1

2
y
⇤
2i+1 = 0, for 0  i  T � 1 (15)

✓
c
2

2µ
+

µ

�
+

1

2

◆
x
⇤
2i �

c
2

2µ
x
⇤
2i+1 �

1

2
y
⇤
2i = 0, for 0  i  T � 1 (16)

✓
c
2

2µ
+

µ

�
+

1

2

◆
z
⇤
2i�1 �

c
2

2µ
z
⇤
2i �

1

2
y
⇤
2i�1 = 0, for 1  i  T � 1 (17)

✓
c
2

2µ
+

µ

�
+

1

2

◆
z
⇤
2i �

c
2

2µ
z
⇤
2i�1 �

1

2
y
⇤
2i = 0, for 1  i  T � 1 (18)

✓
1 +

2µ

�

◆
y
⇤
i � x

⇤
i = 0, for 1  i  2T � 1 (19)

✓
1 +

2µ

�

◆
y
⇤
i � z

⇤
i = 0, for 1  i  2T � 1 (20)

Combining (17) and (18), we get for all 1  i  T

 
c2

2µ 0

�
c2

2µ �
1
2 �

µ
�

1
2

!✓
z
?
2i
y
?
2i

◆
=

 
c2

2µ + 1
2 + µ

� �
1
2

�
c2

2µ 0

!✓
z
?
2i�1
y
?
2i�1

◆
(21)

Rewriting this equation, we get

✓
z
?
2i
y
?
2i

◆
=

0

BB@
�

1

2 c2
2µ

c2

2µ+µ
�+ 1

2

c2
2µ

�

c2

2µ+µ
�+ 1

2

c2
2µ

2
⇣

c2

2µ+µ
�+ 1

2

⌘2

c2
2µ

� 2 c2

2µ

1

CCA

✓
y
?
2i�1
z
?
2i�1

◆
.
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Similarly, using (15), (16) we get for all 1  i  T

✓
x
?
2i+1

y
?
2i+1

◆
=

0

BB@
�

1

2 c2
2µ

c2

2µ+µ
�+ 1

2

c2
2µ

�

c2

2µ+µ
�+ 1

2

c2
2µ

2
⇣

c2

2µ+µ
�+ 1

2

⌘2

c2
2µ

� 2 c2

2µ

1

CCA

✓
y
?
2i

x
?
2i

◆
.

Using (19) and (20), we obtain

✓
x
?
2i+1

z
?
2i+1

◆
=

0

BBB@

�
1

2 c2
2µ (1+

2µ
� )

c2

2µ+µ
�+ 1

2

c2
2µ

�

c2

2µ+µ
�+ 1

2

c2
2µ

�
1 + 2µ

�

�
 

2
⇣

c2

2µ+µ
�+ 1

2

⌘2

c2
2µ

� 2 c2

2µ

!

1

CCCA

✓
z
?
2i

x
?
2i

◆
.

✓
z
?
2i

x
?
2i

◆
=

0

BBB@

�
1

2 c2
2µ (1+

2µ
� )

c2

2µ+µ
�+ 1

2

c2
2µ

�

c2

2µ+µ
�+ 1

2

c2
2µ

�
1 + 2µ

�

�
 

2
⇣

c2

2µ+µ
�+ 1

2

⌘2

c2
2µ

� 2 c2

2µ

!

1

CCCA

✓
x
?
2i�1

z
?
2i�1

◆
.

For simplicity, we introduce the following replacement c̄ = c2

2µ . Then we have

Q =

0

B@
�

1
2c̄(1+ 2µ

� )
c̄+µ

�+ 1
2

c̄

�
c̄+µ

�+ 1
2

c̄

�
1 + 2µ

�

�✓ 2(c̄+µ
�+ 1

2 )
2

c̄ � 2c̄

◆

1

CA . (22)

The following lemma would be very difficult to prove without using Mathematica due to very
cumbersome expressions. The following statement shows a recursive relationship between coordinates
in the following sense wi = �

i�1
w1, where � is the eigenvalue of the matrix Q.

Lemma 2 (see [9]) Choose c =

(
�

µ5/2

(��max(W))2 if L � ��max(W) + µ

�
µ5/2

(��max(W))2 if L < ��max(W) + µ
, � � 1, (c̄ = c2

2µ ) and

b =
1 + 2µ

�

2

 
�(1 + 2µ

� )⌫

2(1 + 2c̄+ 2µ
� )

+
�↵+ 2

p
↵2 � 4�

4(1 + 2µ
� )(1 + 2c̄+ 2µ

� )

!
�

1

2
�

µ

�
(23)

Then, we have b � 0 and

wi = �
i�1

w1 6=

✓
0
0

◆
for i = 1, 2, . . . , d,

where

� =
↵

8c̄(1 + 2µ
� )

�

p
(↵2 � 4�)

8c̄(1 + 2µ
� )

� 1� 10

r
1

�
, (24)

↵ = �1 + 4c̄� 4c̄2 + 8
µ

�
+ 24c̄x� 16c̄2

µ

�
+ 24

⇣
µ

�

⌘2
+ 48c̄

⇣
µ

�

⌘2

�16c̄2
⇣
µ

�

⌘2
+ 32

⇣
µ

�

⌘3
+ 32c̄

⇣
µ

�

⌘3
+ 16

⇣
µ

�

⌘4

� = 2 + 8 + 24c̄2 + 16
⇣
µ

�

⌘
+ 48c

⇣
µ

�

⌘
+ 96c̄2

⇣
µ

�

⌘
+ 48

⇣
µ

�

⌘2

+96c̄
⇣
µ

�

⌘2
+ 96c̄2

⇣
µ

�

⌘2
+ 64

⇣
µ

�

⌘3
+ 64c̄

⇣
µ

�

⌘3
+ 32

⇣
µ

�

⌘4

and
⌫ = �1� 4c̄+ 4c̄2 � 4

⇣
µ

�

⌘
� 8c̄

⇣
µ

�

⌘
� 4

⇣
µ

�

⌘2
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Proof. First, using the Mathematica software package, we calculate the minimum eigenvalue � of the
matrix W and prove that it satisfies the inequality. For a detailed study of the proof, see the file or
screenshots

Using Mathematica, we find the eigenvector v of the matrix Q corresponding to the eigenvalue �

v =

 
�(1+2µ

� )⌫
2(1+2c+2µ

� ) +
�↵+2

p
↵2�4�

4(1+2µ
� )(1+2c+2µ

� )

1

!
(25)

Now, using Mathematica, we prove that b � 0

It is easy to see that when choosing the parameter b according to (23), the vector wi is proportional to
the eigenvector v of the matrix Q.

⇤

Now we are ready to complete the proof of the theorem. Let y0 = 0 2 RMn. It is worth noting that
after N iterations of the algorithm A satisfying the Assumption 3, yN has no more than S/� nonzero
coordinates, where S is the number of rounds of communication (consensus), � is the diameter of
the network G. In our case, � 

p
�. Then, using the equations (19), (20), we get

kyN
� y⇤

k
2

ky0 � y⇤k
�

1

2

Pn
i=S/�+1 kwjk

2 + (y⇤j )
2

Pn
i=1 kwjk

2 + (y⇤j )
2

=
1

2

Pn
i=S/�+1 kwjk

2 +
⇣

�
µ+�

⌘2
(y⇤j )

2

Pn
i=1 kwjk

2 +
⇣

�
µ+�

⌘2
(z⇤j )

2

=
1

2

Pn
i=S/�+1 kRw̃jk

2

Pn
i=1 kRw̃jk

2
,
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where R =

0

@
1 0

0

r
1 +

⇣
�

µ+�

⌘2

1

A and w̃j = (x⇤
j , z

⇤
j )

> (w̃j = �
j�1

w̃1). It is not difficult to see

that the matrix is positive definite and symmetric. Therefore, you can use it to define a new norm
kwkR =

p
hx,Rxi and use the properties of the norm. Then for large enough n we have

kyN
� x⇤

k
2

ky0 � x⇤k
�

1

2

Pn
i=S/�+1 kRw̃jk

2

Pn
i=1 kRw̃jk

2
=

1

2

Pn
i=S/�+1 �

j�1
kRw̃1k

2

Pn
i=1 �

j�1kRw̃1k
2

=
1

2

Pn
i=S/�+1 �

j�1

Pn
i=1 �

j�1
=

1

2

�
S/�
Pn�S/��1

i=0 �
j

Pn�1
i=0 �j

=
1

2
�

S/� 1� �
n�S/�

1� �n
�

1

4

 
1� 10

r
1

�

!S/�

.

It is worth noting that according to our choice of the structure of communication network G, we have
that � 

p
�, then we obtain

kyN
� y⇤

k
2

�
1

4

 
1� 10

r
1

�

!S/�

ky0
� y⇤

k
2

�
1

4

 
1� 10

r
1

�

!S/p�

ky0
� y⇤

k
2

�
1

4

✓
1� 10

r
1

��

◆S

ky0
� y⇤

k
2
.

Now we have to consider two cases: one when L � ��max(W) + µ, the other when L <

��max(W) + µ. Moreover, we must select the parameter � in such a way that � � 1 but also
c̄  1.

• L � ��max(W) + µ: if we take � =
��max(W)��+

min(W)
µ2 , then we have c̄  1 and

kyN
� y⇤

k
2

�
1

4

✓
1� 10

µ

��max(W)

◆S

ky0
� y⇤

k
2

• L < ��max(W) + µ: if we take � =
⇣

L�µ
µ

⌘2
, then we have c̄  1 and

kyN
� y⇤

k
2

�
1

4

✓
1� 10

µ

(L� µ)
p
�

◆S

ky0
� y⇤

k
2

Summing up the results obtained above, we can conclude

kyN
� y⇤

k
2

�

✓
1� 10max

⇢
µ

��max(W)
,

µ

(L� µ)
p
�

�◆S
ky0

� y⇤
k
2

4
.

C.2 Optimal algorithms

C.2.1 Notation

We will use matrix notation in our proofs, as in the main body of the paper. It is easy to check that
the matrix notation in this case will not differ greatly from the standard vector notation; it is enough
just to move from the Euclidean norm to the Frobenius norm and from the scalar product to the trace:

kXk
2
F = kx1k

2 + . . .+ kxMk
2
, tr

h
(X)T (Y )

i
= hx1, y1i+ . . .+ hxM , yM i,

where x1, . . . , xM and y1, . . . , yM – vectors from which matrices X and Y are composed according to
Section 2.1. Additionally, we use matrix of the solution X = [x⇤

, . . . , x
⇤]T and Y = [y⇤, . . . , y⇤]T .
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It is also easy to make sure that the functions f and ' are

• smooth: f is L - smooth, ' is ��max(W ) - smooth;

• smooth: f is µ - strongly-convex-strongly-concave, ' is 0 - strongly-convex-strongly-concave.

C.2.2 Proof of Theorems 2 and 3

Strongly-convex-strongly-concave case

Lemma 3 (for Theorems 2 and 3) For Algorithm 1 it holds:
��Xk+1

�X
⇤��2

F
+
��Y k+1

� Y
⇤��2

F

 (1� �µ)
��Xk

�X
⇤��2

F
+ (1� �µ)

��Y k
� Y

⇤��2
F

+

✓
2 +

4���max(W )

µ
+

4

�µ
+ 4�2

�
2
�
2
max(W )

◆���Uk
x � Û

k
x

���
2

F

� (1� 3�µ� 4�2
�
2
�
2
max(W ))

���Xk
� Û

k
x

���
2

F

+

✓
2 +

4���max(W )

µ
+

4

�µ
+ 4�2

�
2
�
2
max(W )

◆���Uk
y � Û

k
y

���
2

F

� (1� 3�µ� 4�2
�
2
�
2
max(W ))

���Y k
� Û

k
y

���
2

F
.

Proof: Let us use additional notation W
k
x = U

k
x + � · �

�
WX

k
�WU

k
x

�
and W

k
y = U

k
y + � ·

�
�
WY

k
�WU

k
y

�
for short. Then by non-expansiveness of the Euclidean projection, we get

��Xk+1
�X

⇤��2
F
+
��Y k+1

� Y
⇤��2

F

=
��projX

⇥
W

k
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⇥
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y

⇤
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��W k
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Û
k
x �X

⇤
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k
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x
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+
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k
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F

+
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F
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W

k
y � Y

k
�T ⇣

Û
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⇤
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W
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y � Y

k
�T ⇣

Y
k
� Û

k
y

⌘i
+
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k
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=
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F
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k
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k
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Û
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⇤
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�
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F
+ 2 tr

h�
U

k
x + � · �

�
WX

k
�WU
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�
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Û
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⇤
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�
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k
x

���
2

F

+
��Y k
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=
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⇤��2
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k
x � V

k
x

⌘T ⇣
Û
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k
y

���
2

F

25



=
��Xk

�X
⇤��2

F
+ 2 tr

⇣
�� ·rXf(Ûk
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By Young’s inequality, we have
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k
x )� (Uk

x � Û
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y � Y

⇤
���
2

F

+
4

�µ

���� · �W (Uk
x � Û
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k
x

���
2

F

+

✓
2 +

4

�µ

◆���Uk
y � Û
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Lemma 4 (for Theorem 2) Assume that for problem (3) we use extragradient method with starting
points Xk

, Y
k and number of iterations:
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Proof: The proof follows from the convergence estimates for the extragradient method and the fact
that Problem (3) is 1-strongly-convex-strongly-concave, as well as (1 + �L)-smooth.

⇤

Remark. As mentioned earlier, problem (3) is divided into M local problems, which are solved on
each of the machines separately.

Note that Algorithm 1 involves the absolute precision �, �̃ is the relative precision - a more convenient
value for practice.
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Then Algorithm 1 converges linearly to the solution z
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With the choice e from (27), we obtain
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The proof is completed by choosing � from (28).
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Remark. (29) also corresponds to calls of ' gradients which in turn corresponds to the number of
communication rounds. Substitution of (28) in (29) gives that
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The last follows from the fact that we consider the case of small �.
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Lemma 5 (for Theorem 3) Assume that for solving the problem (3) we use Randomized Extra Step
Method from [1] with starting points Xk

, Y
k and number of iterations:
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Proof: The proof follows from the convergence estimates for the Algorithm 1 from [1] and the fact
that Problem (3) is

⇣
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⌘
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� + L

⌘
-smooth.

⇤

Remark. As mentioned earlier, the problem (3) is divided into M local problems, which are solved
on each of the machines separately.

Note that Algorithm 1 involves the absolute precision �, �̃ is the relative precision - a more convenient
value for practice.

Theorem 7 (Theorem 3) Assume that the problem (3) is solved by Randomized Extra Step Method
with variance reduction method from [1] with precision �̃:

�̃ =
1

2
⇣
2 + 4��2�2

max(W )
µ + 4

�µ + 4�2�2�2
max(W )

⌘ (31)
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Proof: Combining results from Lemma 3 and 5 gives
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With the choice �̃ from (31), we obtain
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The proof is completed by choosing � from (32).
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Remark. (33) also corresponds to communication rounds. By plugging (32) into (33) gives that
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It is also easy to estimate the total number of local computation on each node:
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If
p
r��max(W ) = O(L), the total expected number of local gradients becomes optimal.

Convex-Concave case
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Lemma 6 (for Theorems 2 and 3) For Algorithm 1 it holds:
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Proof: Let us use additional notation W
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k
x

���
2

F
�

���Xk
� Û
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k
y

���
2

F
.

With expressions for V k
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Small rearrangement gives
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k
y )�rY f(U

k
x ;U

k
y )
⌘T ⇣

Û
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Û
k
y � U

k
y

⌘i

+ 2 tr
⇣

U
k
x � Û
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k
x

���
2

F
+
���W k

y � Û
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k
y

���
2

F
�

���Y k
� Û

k
y

���
2

F
.

With definition of W k
x and W

k
y we get

2� tr
h�
rXf(Uk

x ;U
k
y ) + �WU

k
x

�T �
U

k
x �X

⇤�
i

+ 2� tr
h�
�rY f(U

k
x ;U

k
y ) + �WU

k
y

�T �
U

k
y � Y

⇤�
i


��Xk

�X
⇤��2

F
+
��Y k

� Y
⇤��2

F
�
��Xk+1

�X
��2
F
�
��Y k+1

� Y
⇤��2

F

+ 2�krXf(Uk
x ;U

k
y )�rXf(Ûk
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k
y � Y

⇤
kF + 2�k�WU

k
y kF · kÛ
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k
y � U

k
y kF

⌘

+ 2
���Uk

x � Û
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k
y

���
2

F

◆

� (1� 4�2
�
2
�
2
max(W ))

KX

k=0

✓���Xk
� Û
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k
y � U

k
y kF

⌘

+ 3
KX

k=0

✓���Uk
x � Û
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Using convexity and concavity of the function F :
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� from (35) and K from (38) are completed the proof.

⇤

Remark. (38) also corresponds to the number of communication rounds. It is also easy to estimate
the total number of local iterations on server:
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The last follows from the fact that we consider the case of small �.

Lemma 7 (for Theorem 3) Assume that for solving the problem (3) we use Randomized Extra Step
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k and number of iterations:
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Proof: The proof follows from the convergence estimates for the Algorithm 1 from [1] and the fact
that Problem (3) is 1

� -strongly-convex-strongly-concave, as well as
⇣

1
� + L

⌘
-smooth.
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⇤

Remark. As mentioned earlier, the problem (3) is divided into M local problems, which are solved
on each of the machines separately.

Note that Algorithm 1 involves the absolute precision �, �̃ is the relative precision - a more convenient
value for practice.

Theorem 9 (for Theorem 3) Assume that the problem (3) is solved by Randomized Extra Step
Method with variance reduction method from [1] with precision �̃:
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� from (40) and K from (42) are completed the proof.

⇤

Remark. (42) also corresponds to communication rounds. It is also easy to estimate the total number
of local computation on each node:
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If
p
r��max(W ) = O(L), the total expected number of local gradients becomes optimal.

C.2.3 Proof of Theorem 4

Strongly-convex-strongly-concave case
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Lemma 8 For Algorithm 2 it holds:
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k
y

���
2

F
.

Proof: Let us use additional notation F
k
x = U

k
x + � ·

�
rXf(Xk

, Y
k)�rXf(Uk

x , U
k
y )
�

and
F

k
y = U

k
y � � ·

�
rY f(Xk

, Y
k)�rY f(Uk

x , U
k
y )
�

for short. Then by non-expansiveness of the
Euclidean projection, we get
��Xk+1

�X
⇤��2

F
+
��Y k+1

� Y
⇤��2

F

=
��projX

⇥
F

k
x

⇤
� projX [X⇤]

��2
F
+
��projY

⇥
F

k
y

⇤
� projY [Y ⇤]

��2
F


��F k

x �X
⇤��2

F
+
��F k

y � Y
⇤��2

F

=
��Xk

�X
⇤��2

F
+ 2 tr

h�
F

k
x �X

k
�T �

X
k
�X

⇤�
i
+
��F k

x �X
k
��2
F

+
��Y k

� Y
⇤��2

F
+ 2 tr

h�
F

k
y � Y

k
�T �

Y
k
� Y

⇤�
i
+
��F k

y � Y
k
��2
F

=
��Xk

�X
⇤��2

F
+ 2 tr

h�
F

k
x �X

k
�T ⇣

Û
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k
x

���
2

F
�

���Xk
� Û
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Û
k
x �X

⇤
⌘i

+ 2 tr
h�
�� ·rXf(Uk

x ;U
k
y )
�T ⇣

Û
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Û
k
y � Y

⇤
⌘i

+ 2 tr
h�
�� ·rY f(U

k
x ;U

k
y )
�T ⇣

Û
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With expressions for V k
x and V
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Û
k
y � Y

⇤
⌘i

+
���F k

y � Û
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k
x + Û
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Û

k
x �X

⌘�
+ tr

⇣
�� · �WÛ
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k
y )
⌘T ⇣

Û
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k
y

���
2

F
�

���Y k
� Û
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By Young’s inequality, we have
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k
x )
���
2

F

+
�µ

2

��Uk
x �X

⇤��2
F
+
���F k

x � Û
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Then we use L-smoothness of f
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Lemma 9 Assume that for problems (4) we use fast gradient method with starting points Xk
, Y

k

and number of iterations:
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Then for an output uk it holds that
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saddle point problem is equivalent to the minimization problems (4). It is solved by fast gradient
method. The complexity of solving any of these two problems is Õ(1) on the Ker W and is
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⇤

Note that Algorithm 2 involves the absolute precision �, �̃ is the relative precision - a more convenient
value for practice.

Theorem 10 (Theorem 4) Assume that problem (4) be solved by fast gradient method with precision
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Proof: Combining results from Lemma 8 and 9 gives
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With the choice �̃ from (44), we obtain
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The proof is completed by choosing � from (45).

⇤

Remark. (46) also corresponds to calls of f gradients which in turn corresponds to the number of
local computation on each node. Substitution of (45) in (46) gives that
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It is also easy to estimate the total number of communication rounds:
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The third inequality follows from the inequality: � 
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Convex-Concave case
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Proof: Let us use additional notation F
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Û
k
x �X

⇤
⌘i

+
���F k

x � Û
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Û
k
y � Y

⇤
⌘i

+
���F k

y � Û
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With expressions for V k
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Û

k
x �X

⌘�
+ tr

⇣
�� · �WÛ
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Û

k
y � Y

⇤
⌘�

+ 2 tr
h�
� ·rY f(U

k
x ;U

k
y )
�T ⇣

Û
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k
x

���
2

F
+
���F k

y � Û
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k
y kF

+ 2kUk
x � Û
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k
x �X

⇤
kF + 2�k�WU

k
xkF · kU

k
x � Û
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k
x

���
2

F

+ 2
���Uk

y � Û
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Here we additionally used the diameter ⌦ of Z and assume point x̂, ŷ, s.t. kx̂k  G, kŷk  G for
some constant G.
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Then we use smoothness of f , ' and obtain
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k
y

���
2

F

◆
.

⇤

Theorem 11 (Theorem 4) Assume that problem (4) be solved by fast gradient method with precision
�:

� = min

⇢p
"

9L
;

"

(24��max(W ) + L)
p
M(⌦+G)

�
(48)

and number of iterations T :

T = O

0

@

0

@1 +

vuut��max(W ) + 1
�

��
+
min(W ) + 1

�

1

A log
⌦2

�

1

A . (49)

Additionally, let us choose stepsize � as follows
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Then, by X
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the choice of � from (48) and K from (51) completes the proof.
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Remark. (51) also corresponds to the total number of local iterations. It is also easy to estimate the
total number of communication rounds:
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C.2.4 Proof of Theorem 5

Let us use additional notation Gx(X,Y ) = ⇠k
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problem, one can use the results of the convergence of the variance reduction method [1] on which
our method is based. Convex-concave case In the convex-concave case (Section 2.3.1 from [1]), the
estimates on the number of iterations is
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where Leff can be computed as follows:
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Note that optimal complexities in Algorithm 3 for local computations and communications are
achieved on different sets of p and ⇢. Let us get them separately

• The local stochastic gradient complexity of a single iteration of Algorithm 3 is 0 if ⇠
k = 0,

⇠
k+ 1

2 = 1, 1 if ⇠k = 1, ⇠k+ 1
2 = 1, r + 1 if ⇠k = 1, ⇠k+ 1

2 = 0 and r if ⇠k = 0, ⇠k+ 1
2 = 0. Thus, the

total expected local stochastic gradient complexity is bounded by
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where L̄ = L+ ��max(W ).

• The total communication complexity of Algorithm 3 is the sum of communication complexity
coming from the full gradient computation (if statement that includes ⇠k+ 1

2 ) and the rest (if statement
that includes ⇠k). The former requires a communication if ⇠k+ 1

2 = 0, the latter if ⇠k is equal to 0.
The expected total communication O (⇢+ p) per iteration. Thus, the total communication complexity
is bounded by
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For ⇢ = p, p = �2�2
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Strongly-convex-strongly-concave case

In the strongly-convex-strongly-concave case (Section 4.3 from [1]) the estimates on the number of
iterations is
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• Thus, the total communication complexity is bounded by
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