A Appendix

A.1 Proof of Theorem

Proof. First note that W, coder € R7*4 since we limit the dimension of the code layer of the
AutoEncoder to be r = rank(L*). The problem we consider is:

! Wencoder L )\ET st.H=L+FE L=D E (L 11
2o cga [Wencoter Ll + A BT 21,5 + o(Es(L) (D)

Since we have the constraint L = Dy (&£, (L)), the rank of any feasible L should be no more
than 7, and L must lie within the row-space of W, coder- S0 we can write We,,coger = RU T
where R € R"™™", and U are the top-r left singular vectors of L. As the rows of W, coqer are
orthornormal, i.e., W, coqer WL = I,s0 RUTURT = I and therefore RRT = I (so this

encoder
square matrix R is unitary). Further, since setting Wyecoder = wT will always meet the

encoder
constraint L = Dy (€ (L)), the main problem we need to consider becomes:

min WencoderLll2.1 + M| ET ||2.1,8t. H=L + E, (12)
{L|rank(L)<r}.E,
Wencoder=RUT R 1s unitary

Since HLH = HRUTL“ - ||Wen('ode7'LH* = HI( encodmL)”* j
H 27 1€ ( encoderL)i,:H* < Zz 1 ||ez( encoder )z,” - 27 1 H( encoder )i,:||2 =
[WencoderL|l2,1.  The equality is achieved when R = I, i.e., Wepcoder = U7T, because
[Wencoder Lll2q = [UT L|j2q = [UTUEV |51 = [|[EVT |21 = 31, 07 = || L]
So
min ”WencoderLHZl + /\”ET”QJ > min ”L”*
{L|rank(L)<r},E, {L|rank(L)<r},E
Wencoaer=RUT R 1S Unitary
(13)
with equality achieved when W, o4 €quals top-r left singular vectors of L.
Then we only need to consider the right-hand-side of Eq.[I3] i.e.,
min IL||s + M| ET |2y st.H=L+E (14)

{L|rank(L)<r},E

Recall that under the conditions of Theoreml 1| the solution L of Eq. 2 Ihas exactly the same column

space as L* (L may not and not necessary to be equal to L*), so rank(L) = 7. Then the solution L
of Eq. l 2| must also be the global optimal solution of Eq. . Finally, as the row-space of W.,,coder

equals the column-space of L, it recovers the underlying subspace of L* exactly. O
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A.2  Proof of Theorem 3|

Proof. A) Suppose Dy(Ey (1)) is the global optimal solution of Eq. that is different from
Dy(Ep(l*)). Let Dy(Ey(l')) = Dyp(Ey(1*)) — v. So we have v € Range(Weq)\0.

M
Z I = Dy (E4(1'))]il2 (15)
1;11

=ZH[h—D¢(€w<l*>)+v]i||2 (16)
1;41

:ZH[h*%(fw(l*))]ﬂrvillz (17)

=D "l = De(Ep@))]i + villa + > llh — Dy (£ ()i + w32 (18)
i€S €S

= lwilla + > Ik = Dy (Ep (1)) + will2 (19)
i€S i€S

> Z vill2 + Z [[h =Dy (Ep(T)]ill2 — Z [|lvill2 (20)
€S ie€S i€S

> lllh =Dy (Eu@)ill2 1)

=> Ik = Dy (Ep())Nill2 (22)
=1

where S is the index set of size g such that e} = 0,Vi € S. And the last inequality follows from the
assumed range space property since v € Range(We,q)\0.

The above contradicts the assumption that Dy (€, (1)) is the global optimal solution that is different
from Dy (Ey (17)).

B) First, note that h = Dy (&, (1*))+e* and Zf\il 1{e} # 0} < M —g. The following proof strategy
is motivated from the robust linear regression with block-sparse corruptions [12]]. Suppose Dy (Ey (1))

is the global optimal solution of Eq. [9]that is different from Dy (€4 (1*)). Let h = Dy (E, (1)) + €/,
then we have

M M
S 1{ej #£0} <> 1{ef #0} <M —g (23)
i=1 i=1

and Dy (E4(1')) + €' = Dy(Enll")) + €.
From Eq. 23| we know that

> HIDo(E0) = PolEa))i = 0} =M — Y 1fel £0} =D 1{ef £0} 24

>M—(M—-g)—(M—g)=29—-M (25)

Let Dy(E,(1)) = Dy(E,(1*)) — v, 50 we have v € Range(Wepnqa)\0 and Y0 1{v; = 0} >
2g — M. Now split the M blocks into 3 disjoint sets {2, 21, 2}, where Qg is any subset with size
2g — M such that vg, = 0, and [21] = |Qz] = M — g. Since |29 U 4| = g, by our assumption,
we have Do o, [[Vill2 > D icq, [lvill2. Since [Q9 U Q2| = g, by our assumption, we have
Y icagua, IVill2 > 2 2icq, lvill2. However, this leads to a contradiction since ;.o [[vill2 =
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